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Abstract. The partition function for one-dimensional nearest neighbour Ising models is estimated by 
summing all the energy terms in the Hamiltonian for N sites. The algebraic expression for the partition 
function is then employed to deduce the eigenvalues of the basic 2 × 2 matrix and the corresponding 
Hermitian Toeplitz matrix is derived using the Discrete Fourier Transform. A new recurrence relation 
pertaining to the partition function for two-dimensional Ising models in zero magnetic field is also proposed. 
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1. Introduction 

The analysis of nearest neighbour Ising models plays 

a crucial role in diverse contexts such as order–

disorder transitions,
1
 adsorption at electrochemical 

interfaces,
2
 protein folding,

3
 etc. While the formula-

tion of the partition function pertaining to one-

dimensional nearest neighbour Ising models is 

pedagogical and straight-forward,
4
 the same is not 

true for the two-dimensional Ising models. The cele-

brated solution of Onsager5 for the two-dimensional 

Ising model at H = 0 led to the detailed analysis of 

critical temperatures and critical exponents. How-

ever, several approximate treatments for the analysis 

of two-dimensional Ising models employing Bragg–

Williams approximation,
6
 Bethe ansatz,

7
 series ex-

pansions,
8
 etc. are available in addition to the Monte 

Carlo simulations.
9
 A significant accomplishment 

regarding the exact solution of the two-dimensional 

Ising models consists in the application of the  

renormalization group techniques
10

 for the study of 

critical phenomena. Nevertheless, the exact partition 

function for the two-dimensional Ising model in the 

presence of the external magnetic field (H ≠ 0) lead-

ing to the critical properties is still lacking. A plau-

sible strategy to obtain new insights regarding the 

analysis of two-dimensional Ising models is to for-

mulate new procedures even for one-dimensional 

Ising models in anticipation that this new methodo-

logy may lead to the exact solution of the two-

dimensional Ising models in presence of an external 

magnetic field. 

 It is of interest to point out here that the partition 

function for one-dimensional nearest neighbour 

Ising models for N sites is customarily derived by 

deducing the eigenvalues of a 2 × 2 Matrix and sub-

sequently generalized to the thermodynamic limit 

N → ∞. 

 The objectives of the present Communication are 

(i) to report the partition function of one-dimensional 

nearest neighbour Ising models by summation of all 

the energy terms in the Hamiltonian for small values 

of N; (ii) to re-construct the matrix from the known 

eigenvalues and (iii) to postulate a recurrence rela-

tion between the partition function for N and 2N 

sites. 

2. Partition function of one-dimensional nearest 

neighbour Ising models 

The Hamiltonian for the one-dimensional Ising 

model is 
 

 
1

1 1

N N

T i i i

i i

H J Hσ σ σ
+

= =

= − −∑ ∑ , (1) 

 

where J denotes the nearest neighbour interaction 

energy and H denotes the external magnetic field. It 

is customary to construct a basic 2 × 2 matrix con-

sisting of the matrix elements which takes into  

account, various arrangements of the spin variables 
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(+1, +1; –1, +1; +1, –1 and –1, –1). The canonical 

partition function then is deduced as
4
 

 

 
1 2

( ),N N

N
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where λ1 and λ2 denote the eigenvalues: 
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which arise from the matrix 
 

 

1/ ( ) /

/ 1/ ( )
.

kT J H J kT

J kT kT J H

e e
Q

e e

+ −

− −

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 (4) 

 

One of the two eigenvalues being the most domi-

nant, estimation of the partition function in the 

thermodynamic limit and extraction of the internal 

energy, specific heat, etc. becomes straight-forward. 

2.1 Partition function from the summation of the 

energy terms 

In stead of the above method involving the formula-

tion of the matrix and computing the partition func-

tion from the eigenvalues, we investigate here, the 

consequences of summation of the energy terms  

directly. The partition function obtained by sum-

ming the energy terms for different values of N  

(3 and 6; 4 and 8) are as follows: 
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Equations (5) to (8) were deduced by listing all the 

energy terms of (2) using MS EXCEL (2N
 terms 

arise for a lattice of N sites). Although the procedure 

is valid for any value of N, we restricted the enu-

meration to a small number of sites so as to avoid 

algebraic complexity as well as for obtaining a  

recurrence relation for the partition function. 

2.2 Eigenvalues from the partition function 

As an illustration, consider the partition function  

obtained by summation of the energy terms in the 

Hamiltonian (1) for N = 4: 
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As can be seen from (2), Q4 can also be represented 

as 
 

 4 4

4 1 2
( ),Q λ λ= +  (10) 

 

where λ1 and λ2 denote the eigenvalues of the  

matrix corresponding to the one-dimensional Ising 

model. 

 A comparison of (9) and (10) leads to the eigen-

values as given by (3). 

2.3 Recurrence relation 

In view of the availability of convenient expressions 

for Q, it is imperative to verify whether there  

exists any pattern among the partition function for 

different values of N. Using well-known identities 

involving trigonometric functions,11
 it can be shown 

that 
 

 2 1

2

2
2 sinh ,
N N

N N

J
Q Q

kT

+ ⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
 (11) 

 

for all values of N. The above eqn thus enables pre-

dicting the partition function for a lattice of 2N sites 

from the value pertaining to N sites. 

2.4 Inverse problem of constructing the matrix 

from the eigenvalues 

In the present approach, while the partition function 

and the eigenvalues have been obtained, the underly-

ing matrix has not yet been derived. Obviously, the 

matrix is not unique for a given eigenspectrum; 

however, the construction of such matrices may 

provide an insight into the solution of higher dimen-

sional Ising models. To obtain the matrix, we apply 

a procedure demonstrated in the context of signal 

processing12
 employing the Discrete Fourier Trans-

form. For a given set of eigenvalues (λ0, λ1, …, λn–1), 

the parameters qk are defined as: 
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The associated matrix [q] consisting of elements qk 

is given below: (cf. Appendix A): 
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while the desired matrix constructed from the above 

is as follows,
12 
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In the case of the one-dimensional Ising model, the 

above procedure to construct the matrix leads to the 

values of qk (k = 0, 1) as 
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The corresponding matrix turns out to be 
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It is of interest to note that the above Hermitian 

Toeplitz matrix is entirely different from the hith-
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erto-known matrix (4) for one-dimensional nearest 

neighbour Ising models. 

3. Two-dimensional nearest neighbour Ising 

models 

It will be of interest to verify whether this method-

ology will be applicable to two-dimensional Ising 

model in presence of the external magnetic field. 

The summation of energy terms for two-dimensional 

Ising model for H ≠ 0 has earlier been carried out by 

us13
 and the formulation of the matrix using the Dis-

crete Fourier Transform is under progress. However, 

here we make use of the Onsager’s exact solution 

for H = 0 and demonstrate the validity of the recur-

rence relation (11) for two-dimensions also. Such 

recurrence relations can enable extrapolation of 

Monte Carlo and molecular dynamics simulation  

results for larger system sizes. 

 The canonical partition function for H = 0 arising 

from Onsager’s exact solution is given by
5
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2
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kT

⎡ ⎤⎛ ⎞
⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦

, (16) 

where 

 2 2

1

0

1 1
log(1 1 sin )d

2 2
I k

π

φ φ
π

= + −∫  

 

 
 

Figure 1. The comparison of the partition function val-
ues from Onsager’s exact solution (16) with the values 
predicted by the recurrence relation (11) The points  
denote the values from (11) for Q64 employing the values 
of Q16 from Onsager’s exact solution (16) while the line 
is the predicted values  from (16) employing N = 64. 

and 

 

 1 2

2sinh(2 / )
.

cosh (2 / )

J kT
k

J kT
=  (17) 

 

Employing the above equations, it is possible to es-

timate Q for different values of N. Since our essen-

tial focus has been on the square lattice, we first 

substitute N = 16 in (11) and calculate Q for N = 32; 

subsequently, the value of Q for N = 64 is evaluated 

from (11). This estimated value is compared with Q 

values arising from (16) for N = 64 (figure 1). As 

can be seen from figure 1, the agreement is entirely 

convincing, suggesting that the recurrence relation 

(11) is valid for two-dimensional nearest neighbour 

Ising model too, when H = 0. It is interesting to note 

that the values for N = 16 was employed as the input 

to predict the values for N = 64. 

4. Summary 

An alternate method for estimating the partition 

function of one-dimensional nearest neighbour Ising 

model is proposed. A new recurrence relation is pro-

posed for the partition function for N sites. A Hermi-

tian Toeplitz matrix is constructed from the 

eigenvalues, using the Discrete Fourier Transforma-

tion. The significance of this method for two-

dimensional Ising models when H = 0 is indicated. 
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Appendix A 

In this Appendix, the steps leading to the construc-

tion of the matrix (14) from the eigenvalues spec-

trum is indicated. The analysis is identical with that 

of12
 employed in the context of signal processing. A 

negacyclic real symmetric matrix of order n can be 

obtained from a set of n distinct eigenvalues by use 

of the inverse DFT, 
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0

1
cos (2 1) , 0,1, ..., 1.

n

k i

i

q i k k n
n m

π
λ

−
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As an illustration, for an eigen spectrum consisting 

of 3 eigenvalues, n = 3 and hence m = 2n = 6, a 

6 × 6 matrix is first constructed. 
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The above matrix can be re-written in the form  
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If we assume the matrix elements of A as a11, a12, 

a13, etc. and that of the matrix B as b11, b12, b13, b21, 

b22, etc. it follows that a11 = q0, a12 = q1, …, a33 = q0 

and b11 = 0, b12 = q2, …, b33 = 0, the desired matrix 

C with the elements c11, c12, etc. are obtained as 

c11 = a11 – ib11, c12 = a12 – ib12, …, c33 = a33 – ib33, 

yielding 

 

0 1 2 2 1

1 2 0 1 2

2 1 1 2 0

.

q q iq q iq

C q iq q q iq

q iq q iq q

− −⎡ ⎤
⎢ ⎥= + −⎢ ⎥
⎢ ⎥+ +⎣ ⎦

 

 

where i = (–1)
1/2

. This procedure was employed for  

deducing the matrix (15) pertaining to the one-

dimensional Ising model. 
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